Abstract. Recently, the G-structured ∞-topoi and the concept of the spectral schemes are developed by Lurie in his textbook [8] and papers [13] [14]. In this paper, we study K-theory of spectral schemes by using quasi-coherent sheaves. When we regard the Ktheory as a functor K on affine spectral schemes, we prove that the group completion ΩB(BGL) represents the sheafification of K with respect to Zariski (resp. Nisnevich) topology, where we define BGL by a classifying space of a colimit of affine spectral scheme GL n . It gives a generalization of the consequence of Elmendorf-Kriz-MandellMay [5, VI, Theorem 7.1] to the algebraic K-theory sheaf in certain ∞-topos. We also prove K(R b ) ≃ K(π 0 R b ) for connective spectrum R b which has only finitely many nonzero homotopy groups. In the case of bounded regular affine spectral schemes, we show that the sheaf on Zariski (resp. Nisnevich) topology obtained by the K-theory space of Elmendorf-Kriz-Mandell-May is equivalent to K.
Introduction
In this paper, we treat the spectral schemes of E ∞ -rings. Roughly speaking, an E ∞ -ring is a spectrum which is equipped with an addition and a multiplication such that the axioms for a commutative ring hold up to coherent homotopy.
In this paper, we use the concept of ∞-category developed by Lurie [8] . Since the underlying ∞-categories of model categories are equivalent if the model categories are Quillen equivalent, we can regard the ∞-category as a homotopy invariant of the model structures.
The algebraic K-theory is one of the important invariants of algebraic varieties. The development of algebraic K-theory to derived schemes provides a connection between algebraic geometry and algebraic topology. Elmendorf-Kriz-Mandell-May [5] defined a model category of ring spectra which is called S-module category and is denoted by M S . They constructed an algebraic K-theory KR for the category of finite cell modules over an S-algebra R, and proved that KHπ 0 R of the Eilenberg-Mac Lane spectra of a discrete ring π 0 R coincides with Quillen's algebraic K-theory of the ordinary ring π 0 R. They also proved that the K-theory space KR is equivalent to the delooping of the infinite loop space K 0 π 0 R × BGL(R)
+ . Recently, Blumberg-Gepner-Tabuada [3] showed in terms of higher category theory that a precise characterization of the universal property of algebraic Ktheory is the additive invariant and the Morita invariant. Blumberg-Mandell [4] showed that the K-theory of bounded modules over a connective E ∞ -ring R is equivalent to the K-theory of π 0 R. Let G be a geometry in the sense of Lurie which will be explained in Section 3 and Ind(G op ) an ∞-category of Ind-objects of the opposite category of G. We regard a spectral G-scheme as a spectral sheaf under the following fully faithfull embedding :
Let G
Sp
Zar be the spectral Zariski geometry which will be explained in Section 3.3, and X ∈ Sch(G Sp Zar ) a spectral G Sp Zar -scheme. By the theory of quasi-coherent sheaves on a functor introduced by Lurie [10] , we define K-theory of X by K(X) = Ω|S • (QCoh(X) lf )|.
Here, we denote by QCoh(X) lf the ∞-category of locally free sheaves which will be defined in Section 5. The purpose of this paper is to study, the K-theory defined above and BGL which is defined in Section 6. The arguments is simple, and we can also easily see how to generalize the K-theory of classical algebraic geometry.
Let CAlg cn be an ∞-category of connective E ∞ -rings and CAlg e an ∞-subcategory of CAlg cn which consists of connective coherent E ∞ -rings and the morphisms with the following condition: R 1 → R 2 is a morphism of connective E ∞ -rings which induces an exact functor Mod
. Note that any Zariski open immersion R → R[x −1 ] for x ∈ π 0 R induces an exact functor. Then we obtain a Zariski (resp. Nisnevich) ∞-topos Shv S (CAlg e ) which is denoted by CAlg eZar (resp. CAlg eN is ).
Let R be a connective E ∞ -ring. Then, Mod R admits a t-structure. We define a connective spectrum R b to be the image of R under the morphism Mod R → Mod which carries an E ∞ -ring A to the K-theory K(Spec g A) defined above.
Let us denote the sheafification of K by K.
Theorem 1.1. Let BGL be a classifying space of a colimit of affine spectral schemes GL n and ΩB(BGL) the group completion. Let CAlg eG be either Zariski ∞-topos CAlg eZar or Nisnevich ∞-topos CAlg eN is .
(i) There is an equivalence of ∞-groupoids:
Map Shv S (CAlg eG ) (Spec g R, ΩB(BGL)) ≃ K(Spec g R).
(ii) K(R b ) ≃ K(π 0 R) as a functor on CAlg bZar reg (resp. CAlg bN is reg ). Let K f : CAlg bZar reg → S (resp. CAlg bN is reg → S) be a functor which carries an E ∞ -ring A to the K-theory KA of Elmendorf-Kriz-Mandell-May. Let us denote the sheafification of K f by K f . Then:
, and K is a sheaf on CAlg bZar reg (resp. CAlg bN is reg ).
We remark the sheafification makes no defference between objectwize group completion a functor R → ΩB(BGL(R)) and the group completion of sheaf R → (ΩBBGL)(R).
The left hand side of Theorem 1.1(i) is equivalent to K f R, so it gives a generalization of the consequence of Elmendorf-Kriz-Mandell-May [5, VI, Theorem 7.1] to the algebraic K-theory sheaf in certain ∞-topos.
In bounded case, by combining Theorem 1.1(ii) and (iii), a functors K f ′ is characterized by π 0 -part of R b .
Note that "the theorem of heart" studied in the papers [1] and [4] cannot applied directly to Theorem 1.1(ii) since Mod proj R is not stable. We also remark that Theorem 1.1(i) does not assert that K-theory space KR coincide with K-theory space of projective Rmodules in the setting of Elmendorf-Kriz-Mandell-May [5] . We can compare the functors on Zariski (resp. Nisnevich) topology obtained by K-theory spaces since we have a oneto-one correspondence between GL-torsors and Mod proj R . We regard a category of simplicial presheaves as a model of the category of ∞-presheaves and consider the case not only Nisnevich but also Zariski topos. From this point of view, this theorem gives a generalization of Morel-Voevodsky [16] . However, we can treat only the class of truncated modules in Theorem 1.1(ii) and (iii) since we have to prove a descent condition of K-theory for affine spectral schemes. This paper is organized as follows. In Section 2, we recall basic properties of ∞-categories, such as Grothendieck construction, E ∞ -ring and their module categories. In Section 3, we recall the definition of Zariski or Nisnevich spectral schemes. We recall the definition of torsors in an ∞-topos and their classification in Section 4. In Section 5, we recall quasi-coherent sheaves on a functor. Section 6 is devoted to study the K-theory of ∞-categories. In Section 7, we define K-theory functors on some G-structured ∞-topoi and prove Theorem 1.1.
author also would like to express her thanks to Professor Yuki Kato for valuable comments to the author.
Basic properties of ∞-categories.
In this section, according to [8, Chapter 1, 2, 3] , we explain basic properties of ∞-categories.
Let Set ∆ denote the category of simplicial sets. Let ∆ n ∈ Set ∆ be the standard nsimplex, and Λ n i ⊂ ∆ n the sub-simplicial set called i-th horn of n-simplex obtained by deleting the interior faces opposite for the i-th vertex.
For an ∞-category C and objects x, y ∈ C, let Map C (x, y) be the mapping space between x and y.
Let Cat ∆ denote the category of simplicial categories. There is a simplicial nerve functor N ∆ : Cat ∆ → Set ∆ which is the right Quillen functor of model categories;
where the model structure on Set ∆ is Joyal model structure and that on Cat ∆ is Bergner model structure [8 2.1. Grothendieck constructions. For a simplicial set S, we denote by S op the opposite category of S if S is regarded as a category. Let (Set ∆ )/S denote the overcategory and (Set ∆ ) C a category of simplicial functors from a simplicial category C. Recall that a left fibration p : X → S of simplicial sets is a morphism satisfying the right lifting property with respect to all inclusions Λ n i → ∆ n for any 0 ≤ i < n. We also use the right fibration which satisfies the right lifting property with respect to Λ We recall the Grothendieck construction generalized to ∞-categories by Lurie [8] . 
Here (Set ∆ )/S is endowed with the contravariant model structure and Set C ∆ with the projective model structure. If φ is an equivalence of simplicial categories, then the pair (St φ , Un φ ) induces an equivalence of ∞-categories.
Let X be a simplicial set, E a subset of edges which contains the set of all degenerate edges s 0 (X 0 ) where s 0 : X 0 → X 1 is the degeneracy map. We call a pair (X, E) marked simplicial set and the set E is called marked edges of X. A morphism of marked simplicial sets f : 
where the category (Set C with the projective model structure. If φ is an equivalence of simplicial categories, then (St
Remark 2.3. We can characterize an ∞-category as a fibrant object of the Cartesian model category (Set
by Cat ∞ , which is the simplicial nerve of the fibrant-cofibrant objects in (Set + ∆ ) /∆ 0 . We call Cat ∞ the ∞-category of small ∞-categories. We denote by Fun(−, −) the mapping space of the ∞-category Cat ∞ . 
is a categorical equivalence of simplicial sets ([8, Definition 1.1.5.14]). Here A C is endowed with the projective or the injective model structure.
Let (Set ∆ )/S be the model category whose fibrant objects agree with Kan complexes. Then we define S to be the ∞-category N ∆ (((Set ∆ )/S)
• ), and call it the ∞-category of spaces.
By virtue of this Lemma and Remark 2.3, we have some refinement of Theorem 2.1 and Theorem 2.2 which is a comparison between the ∞-category of fibrations over S and that of presheaves on the ∞-category of spaces S. Proposition 2.5. Let S be a simplicial set and C a simplicial category. Then there are equivalences of ∞-categories;
and St
where (Set ∆ )/S is endowed with the contravariant model structure and (Set + ∆ )/S with the cartesian model structure. Remark 2.6. For any stable ∞-category C, the homotopy category hC has a canonical triangulated categorical structure ([9, Theorem 1.1.2.15]). In particular hC is additive so that finite coproducts and finite products are equivalent.
An
Remark 2.7. We can relate Sp with Ω-spectra in the context of model category of spectrum discussed in [5] . They give the same stable homotopy categories.
Definition 2.8 ([9] Notation 2.0.0.2). Set n = { * , 1, 2, . . . , n}. Let Fin * be a category of finite pointed sets n whose base point is * . Morphisms in Fin * are maps of pointed finite sets. A map f : m → n in Fin * is called inert if f −1 (i) has exactly one element for each 1 ≤ i ≤ n.
⊗ of p such that it carries an inert morphism in N ∆ (Fin * ) to an inert morphism in C ⊗ . Let CAlg(C) denotes the full subcategory of Fun N ∆ (Fin * ) (N ∆ (Fin * ), C ⊗ ) spanned by commutative algebra objects of C. Example 2.10 (cf. [9] Definition 7.1.0.1). The stable ∞-category of spectra, Sp, has a canonical symmetric monoidal structure induced from the smash products on the category of pointed Kan complexes. CAlg(Sp) is denoted by CAlg. An object of CAlg is called an E ∞ -ring.
Example 2.11. Let k be an ordinary commutative ring and P oly k the full subcategory spanned by commutative k-algebras of the polynomial k[x 1 , · · · , x n ] for n ≥ 0. The ∞-category of simplicial commutative k-algebras, SCR k , is defined by the ∞-category P Σ (N ∆ (P oly k )). Here, for a small ∞-category C, P Σ (C) is the full ∞-subcategory of Fun(C op , S) spanned by functors which preserve finite products. In the special case where k is the ring Z of rational integers, SCR k is denoted by SCR. An ∞-category SCR k is the underlying ∞-category of the ordinary category of simplicial commutative k-algebras with the Quillen model structure [8, Proposition 5.5.9.1].
We also have an ∞-category Mod(C) for the symmetric monoidal ∞-category which is called the ∞-category of module objects of C. (See Lurie's paper [9, Section 4.2].) An object of Mod(C) can be written as a form of a pair (A, M), where A ∈ CAlg(C) and M is an A-module. Let R be a connective E ∞ -ring and M an R-module. We call M almost perfect if π n M = 0 for sufficiently small n. Then, by [9, Proposition 7.2.5.11], the full subcategory of almost perfect R-modules Mod aperf R ⊂ Mod R is closed under translations and finite colimits, and is therefore a stable subcategory of Mod R .
Recall that a connective E ∞ -ring R is coherent if π 0 R is coherent (i.e. every finitely generated ideal is finitely presented as π 0 R-module) and π n R is finitely presented π 0 Rmodule for n ≥ 0. Proposition 2.13 (cf. [9] , Proposition 7.2.5.18). Let R be a connective E ∞ -ring. The following conditions are equivalent:
Let R be a coherent E ∞ -ring, and we regard Mod aperf R as a stable ∞-category endowed with the t-structure. Then Mod aperf R is right bounded, and the functor M → π 0 M gives an equivalence from the heart of Mod aperf R to the nerve of the category of finitely presented left modules over π 0 R [9, Proposition 7.2.5.11, Proposition 7.2.5.18].
3. ∞-topoi and derived schemes.
3.1.
Geometries. An ∞-category X is called an ∞-topos if it arises as an accesible left exact localization of an ∞-category of presheaves. In this subsection, according to [13] and [14] , we explain the admissible structure and the general theory of G-structured ∞-topoi.
First of all, we recall the definition of admissible structures and geometries. 
G-structured ∞-topoi.
We explain an ∞-category of G-structured ∞-topoi which arises from topological localization of some ∞-categories of presheaves. We mainly concern with geometries defined by Zariski or Nisnevich coverings.
Definition 3.2 ([13] Definition 1.2.8).
Let G be a geometry, and X an ∞-topos. A Gstructure on X is a left exact functor O : G → X with the following property: for any collection of admissible morphisms (U α → X) α in G which generates a covering sieve on
Let Pro(G), called Pro-category of G, be an ∞-category spanned by accessible left exact functors on G and A an object of Pro(G). We have an equivalence of ∞-categories
where Ind(−) denotes the Ind-category defined in [8, Section 5. (i) f preserves small colimits and finite limits,
(ii) for every admissible morphism U → X in G, the diagram induced by α
is a pullback.
Let Spec g A be the image of A under the functor Spec . Let G be a geometry. We call a G-structured ∞-topos (X, O X ) is an affine G-scheme if there exists an object A ∈ Pro(G) and an equivalence (X, O X ) ≃ Spec g A. We call (X, O X ) is a G-scheme if there exists a covering objects {U α } of X such that, for every index α, there exists an equivalence (
op defined by the admissible algebras on Spec A for any A ∈ Ind(G). We denote by Shv(Pro(G)) the (large) ∞-category of spectral sheaves Ind(G op ) → S. We can see that Shv(Pro(G)) is an ∞-topos after changing the universe.
We regard spectral schemes as spectral sheaves under the following fully faithfull embedding :
where the final map is induced by the Spec
Example 3.5. We can recover (the nerve of) the category of classical schemes as the full subcategory of Sch(G) spanned by 0-localic and 0-truncated objects.
Now we introduce spectral Zariski and Nisnevich geometries.
3.3. Spectral Zariski geometry. Let k be an E ∞ -ring. Let G nSp Zar (k) be a geometry defined in [14, Definition 2.10] as follows.
• On the level of ∞-categories, G nSp Zar (k) is the opposite of the ∞-category of compact objects in CAlg k . If A is a compact k-algebra, we let Spec A denote the corresponding object of G nSp Zar (k). . We take the opposite of the ∞-category of CAlg N is and denote the object by Spec g Nis A corresponding to A ∈ CAlg N is .
3.5. The affine spectral scheme GL n . The difference between spectral schemes and derived schemes comes from the fact that the discrete k-algebra k[x] is not equivalent to Sym * k (k) in general (cf. [13, Remark 4.1.13]). For example, we can define the derived GL n by replacing Sym *
Let k be an E ∞ -ring and Sym * k the left adjoint of the forgetful functor CAlg k → Mod k which sends a k-algebra R to a k-module R.
Let R be an E ∞ -ring. The sheaf of R-module endomorphisms of R ⊕n is representable by an affine monoid spectral scheme M n,R , where M n,R = Spec Sym R End R (R ⊕n ).
For an R-algebra S, an element of M n,R (S) is an R-algebra map Sym R End R (R ⊕n ) → S, which is equivalent to giving the R-module map
The scheme M n,R is a ∞-monoid. We denote by GL n,R an affine ∞-group scheme after inverting the determinant element of π 0 M n,R . Especially, in the case that the base scheme is the sphere spectrum S, GL n,S is denoted by GL n .
4. General theory of principal ∞-bundles.
In this section, we explain an action of ∞-groups, looping and delooping and the classification of torsors according to [8] and [19] in which the classification of vector bundles is generalized in the ∞-categorical setting.
We call G an ∞-group if it is an object equipped with a group structure up to higher coherent homotopy [8, Definition 6.1.2.7] .
Let G be a commutative ∞-group in an ∞-topos H. An action on an object X ∈ H is given the homotopy diagram
Let X/G be the homotopy colimit of the diagram
Here the free action means that there is a equivalence p × a : Y × G → Y × X Y and a morphism of G-torsors over X is a G-equivariant morphism.
Let P G Bund(X) denote the set of equivalence classes of G-torsors over X. The set P G Bund(X) is a pointed set whose base point is the trivial G-torsor X × G → X.
For a connected pointed object X, let ΩX be a loop space (cf. [9, Section 1.4]). Then ΩX has a ∞-group structure.
Proposition 4.1. Let Gp(H) be an ∞-category of ∞-groups in an ∞-topos H, and H * an ∞-category of connected pointed objects in H. Then the looping Ω induces adjoint functors:
which gives an equivalence of ∞-categories. Here, for an ∞-monoid G, BG is a colimit of the simplicial homotopy diagram
Consider the following pullback square in H;
This pullback induces a simplicial resolution of X and G. By the very definition, P → X is a G-torsor. Conversely, if P → X is a G-torsor, it is an effective epimorphism by ∞-Giraud axiom [8, Section 6.1.1]. By [8, Corollary 6.2.3.5], we have a morphism between the simplicial resolution of X and that of G, so that we have a morphism X → BG.
Thus we have the following classifying theorem.
Proposition 4.2 ([8] Section 7.2, [19]
). Let X be an object of ∞-topos H. Let G be an ∞-group. Then we have an equivalence of ∞-groupoids
5. Quasi-coherent sheaves on a functor.
We use the notation S for an ∞-category of not-necessary small spaces and Cat ∞ for an ∞-category of not-necessary small ∞-categories. For an ∞-category C, we denote by P(C) the ∞-category of presheaves Fun(C op , S).
Recall that a cartesian fibration (defined in [8, Definition 2.4.2.1]) is a fibration with respect to the contravariant model structure on (Set ∆ )/S. By taking the opposite of a simplicial set, we have a notion of cocartesian fibration.
By Proposition 2.5, a cocartesian fibration of simplicial sets, q : X → S, is classified by a functor χ : S → Cat ∞ . Since Yoneda functor j : S → P(S op ) op preserves small limits and the ∞-category Cat ∞ admits small limits, χ factors through the q-right Kan extension along j;
Yoneda embedding j depends on q. For any functor X : CAlg cn → S, we call QCoh(X) ∈ Cat ∞ an ∞-category of quasicoherent sheaves on X.
We give a more explicit description of quasi-coherent sheaves. ). An object F ∈ QCoh(X) is characterized by the following;
• the assignment any connective E ∞ -ring R and any point e ∈ X(R) with an R-
′ is a morphism of connective E ∞ -rings and e ′ ∈ X(R ′
Proof. Without loss of generality, we explain by using cartesian fibrations. Consider the following homotopy commutative diagram of ∞-categories:
where the bottom left (Set ∆ )/S is endowed with the contravariant model structure, the bottom right (Set + ∆ )/S is endowed with the Cartesian model structure, the vertical maps are given by the unstraightening functors which induce equivalences of ∞-categories in Proposition 2.5, and the horizontal maps are induced by the assignment X → X # .
Since f ′ preserves small limits and colimits and the Kan extension is unique up to homotopy, the q-left Kan extension P(S) → Cat ∞ along the Yoneda functor coinsides with the functor induced by
The fibre of a right fibration or a cartesian fibration is an ∞-category and the cartesian maps are morphisms between fibres well-defined up to coherent homotopy. The assertion in Lemma is proved if we apply this argument to a right fibration C → CAlg classified by X : CAlg cn → S. Let A be a connective E ∞ -ring and M an A-module. We call M is locally free of rank n if M is a direct summand of A n for the integer n.
Definition 5.4. Let X : CAlg cn → S be a functor and F ∈ QCoh(X) a quasi-coherent sheaf on X. We say that F is equivalent to locally free of rank n if F (α) is equivalent to locally free R-module of rank n for every point α ∈ X(R).
6. Algebraic K-theory.
In this section, according to [3] , we recall the summry of the K-theory of pointed ∞-categories with w-cofibrations. This is a generalization of Waldhausen's K-theory [21] .
6.1. An ∞-category with w-cofibration. Let C be a pointed ∞-category. The following definition is a generalization of Waldhausen's categories with w-cofibrations and w-equivalences to an ∞-category in the sense of Blumberg-Gepner-Tabada [3] .
Definition 6.1 (cf. [21] [3]). Let C be a pointed ∞-category. A class of w-cofibrations is the class of morphisms in C which satisfies the following conditions:
(i) * → X is a w-cofibration for any object X, (ii) the class of w-cofibration includes weak equivalences, (iii) the composition of w-cofibrations is a w-cofibration, (iv) for a w-cofibration X → Y and a morphism X → Z, there exists a cocartesian square X
in which the morphism f is a w-cofibration.
We call such a pair of C and a w-cofibrations an ∞-category with w-cofibrations.
Remark 6.2. In [3] , the case where C is a stable ∞-category such that all the morphisms are w-cofibrations is considered. For a stable ∞-category, we only consider the case that all the morphisms are w-cofibrations.
We raise some examples of the class of w-cofibrations on a pointed ∞-categories.
Definition 6.3. We identify the stable ∞-category Mod R in the sense of Lurie with the underlying ∞-category of the model category of R-modules in the sense of Elmendorf-KrizMandell-May [5] . Shortly, we call modules in the sense of Elmendorf-Kriz-Mandell-May EKMM modules.
Let M S be the category of EKMM S-modules endowed with the model structure [5] . There is an equivalence of ∞-categories N ∆ (M Let R be a cofibrant-fibrant EKMM S-algebra and, by abuse of the notation, R the corresponding algebra in CAlg by the above equivalence. Then the equivalence induces an equivalence of ∞-categories
The class of Hurewicz cofibrations in the left hand side in (6.1) satisfies the w-cofibration axiom [5, Section VI.3]. We can take the corresponding class of w-cofibrations in Mod R . In this case, this class is equivalent to that of w-cofibrations which consists of all the morphisms since a morphism in the model category is obtained by a composition of a cofibration and a weak equivalence.
The following example is due to Barwick [1] . This is the truncated version of a stable ∞-category with the class of w-cofibrations consisting of all the morphisms. For the t-structure of stable ∞-categories, see [9, Section 1].
Definition 6.4. [cf. [1] ] Let C be a stable ∞-category equipped with a t-structure and a ∈ Z. Let A be a stable ∞-category and C ⊂ A a full additive subcategory which is closed under extensions. If A is an ∞-category with w-cofibrations, then, we make C an ∞-category with w-cofibrations as follows:
and its cofiber in A lies in C.
Remark 6.5 (cf. [4] ). Let C be a stable ∞-category with a t-structure. Assume that C be an ∞-category with w-cofibration by taking Hurewicz cofibrations. Let C b ⊂ C be a stable ∞-category obtained by bounding C by t-structure. Then the ∞-category C b with w-cofibrations obtained by Example 6.4(iv) can be characterized by Example 6.4(iii).
6.2. Algebraic K-theory. Let C be a pointed ∞-category with w-cofibrations. The following definition is a generalization of Waldhausen's S • construction to ∞-categories.
Definition 6.6 ([3], Definition 6.1). Let Ar[n] denote the category of arrows in [n]
, which has objects (i, j) for 0 ≤ i ≤ j ≤ n and a unique map (i, j) → (i ′ , j ′ ) for i ≤ i ′ and j ≤ j ′ . Let Gap([n], C) denote the full subcategory of Fun(N ∆ (Ar[n] ), C) spanned by the functors F ∈ N ∆ (Ar[n]) → C which satisfies the following conditions: (i) F (i, i) is a zero object of C for each i, (ii) for each i < j < k, F (i, j) → F (i, k) is a w-cofibration, (iii) for each i < j < k, the square
is cocartesian.
A simplicial ∞-category S n C is defined by the maximal Kan complex of Gap([n], C). Thus, we have a simplicial space S • C. Definition 6.7. Let C be a pointed ∞-category with w-cofibrations. Let K(C) denote the loop space of geometric realization of the simplicial space Ω|S • C|. We call K(C) the algebraic K-theory space of C.
The definition above is an ∞-version of Waldhausen's K-theory space. 
Proposition 6.9 ([3], Theorem 7.8).
Let A be a simplicial model category, and C ⊂ A a small full subcategory of the cofibrant objects such that C admits homotopy pushouts and is a Waldhausen category with respect to its model structure. Then there is a canonical equivalence of spectra from the Waldhausen K-theory of C to the algebraic K-theory of the Waldhausen ∞-category of N ∆ (C • ).
Remark 6.10. In this paper, we consider the connective K-theory. We can regard the K-theory spectrum as a K-theory space.
Proof of the main theorem.
In this section, we prove the Theorem 1. By the argument after Remark 3.4, we regard a spectral scheme as a functor CAlg cn → S. We use the theory of quasi-coherent sheaves on a functor in the setting of derived algebraic geometry explained in Section 3.
7.1.
Step1 : Several ∞-categories with w-cofibrations. The aim of this step is to define w-cofibrations on ∞-category QCoh(X) lf and construct the K-theory of a spectral scheme by using QCoh(X) lf . We also define a spectra which has the only finitely many homotopy groups. We say that an R-module M is truncated if π n M = 0 for sufficiently large n [8, Definition 5.5.6.1].
Definition 7.1. Let R be a connective E ∞ -ring. (ii) By Definition 6.4(iv), we make the additive ∞-category Mod proj R into an ∞-category with w-cofibrations. (iii) Let Coh R be a full subcategory of the ∞-category of almost perfect R-modules spanned by the almost perfect and truncated R-modules. This is a stable ∞-subcategory of Mod R which is bounded with respect to the t-structure of Mod R . By Definition 6.4(iii), the stable ∞-category Coh R is regarded as an ∞-category with w-cofibrations.
Remark 7.2. By Proposition 6.9 and the argument before Definition 7.1(ii), we can apply the arguments of Waldhausen in [21] to the algebraic K-theory of a certen ∞-subcategory of Mod R .
Let X : CAlg cn → S be a functor. Then, by [10, Example 2.7.25], there exists an accessible t-structure (QCoh(X) ≥0 , QCoh(X) ≤0 ) on the stable ∞-category QCoh(X). Here, QCoh(X) ≥0 is the full subcategory of QCoh(X) spanned by the connective objects and the t-structure on QCoh(X) is compatible with filtered colimits. Definition 7.6. Let X be a spectral G Sp Zar -scheme and X : CAlg cn G → S a spectral stack defined in Definition 3.4 which is represented by X. We define a K-theory of X as following equation;
For example, if X = Spec π 0 R for a connective E ∞ -ring R, K(Spec π 0 R) is the Waldhausen K-theory of the ordinary exact category of finitely generated projective π 0 Rmodules. Moreover, if X is discrete, K(X) is the Waldhausen K-theory of ordinary scheme X. Therefore, we regard the K-theory defined in Definition 7.6 as a generalization of the K-theory to the spectral schemes.
7.2.
Step 2: K-theory functor on G-structured ∞-topoi. First of all, we recall the local model structure on the category of simplicial presheaves according to [7] . Let C be a small category and Set ∆ with respect to the local weak equivalences gives the model structure on C, which is called the local model structure. If C has enough points, the local weak equivalence between simplicial presheaves are the stalkwise weak equivalence.
The fibrant objects in Set C op ∆,loc are characterized by those simplicial presheaves that are fibrant in Set C op ∆ and satisfy the decsent for all hypercovers. An object X in an ∞-topos X is called hypercomplete if it is a local object with respect to ∞-connective morphisms. We denote by X hyp the ∞-category of hypercomplete objects in X. By [8, Definition 6.5.1.10], an equivalence between hypercomplete objects in X induces isomorphisms between their homotopy groups. Now, we have a commutative diagram of ∞-categories:
where the vertical morphisms are the localizations and the upper and the bottom horizontal morphisms are categorical equivalences of ∞-categories by Lemma 2.4 and [8, Proposition 6.5.2.14]. Let A be a connective E ∞ -ring such that π 0 A is Noetherian and of finite Krull dimension.
Recall that Quillen K-theory space of an ordinary ring π 0 A is functorial on the ordinary topos Spec π 0 A. Let K Q : (Spec π 0 A) op → Set ∆ be a simplicial presheaf given by R → K Q (R), where K Q (R) is Quillen K-theory space of an ordinary ring R. Since K Q (A) is a Kan complex, it is a fibrant object of Set
. Therefore, we have an object in Fun(N ∆ (Spec π 0 A), S) identified with K Q which lives in the left hand side of the following equivalence of ∞-categories;
The higher morphisms in Fun(N ∆ (Spec π 0 A), S) is given by the simplicities in the left hand side. Thus, we have an object in Fun(
identified with K Q . We call the object Quillen K-theory functor on N ∆ (Spec π 0 A) (resp. N ∆ (Spec N is π 0 A)) and denote it by K Q .
Lemma 7.7. For a connective E ∞ -ring A ∈ CAlg Zar (resp.A ∈ CAlg N is ) such that π 0 A is regular and of finite Krull dimension, let K Q be an object in Fun(N ∆ (Spec π 0 A), S) (resp.Fun(N ∆ (Spec N is π 0 A), S)) defined by Quillen K-theory of an ordinary ring π 0 A as the above. Then K Q is a spectral sheaf.
Proof. By Lemma 2.4, we take the category of simplicial presheaves endowed with the injective model structure as a model for ∞-presheaves:
be the category of simplicial presheaves on Spec π 0 A with respect to Zariski or Nisnevich topology furnished with the local model structure. By the previous argument, there is an equivalence of ∞-categories;
Let X be an ordinaly regular separated scheme, K Q (X) the Quillen K-theory and K T (X) the Thomason-Trobaugh K-theory. Then, by virtue of the following Proposition 7.8 and by the assumption of the regularity, there is a canonical equivalence as spectra
. Note that, in the regular case, the K-theory spectrum is connective, and the homotopy groups of the spectrum are isomorphic to the homotopy groups of its 0th space i.e. the K-theory space. Therefore, we can regard K T (X) as a space.
By Proposition 10.3 and Proposition 10.8 in [20] , Thomason-Trobaugh K-theory satisfies the hyperdescent in the case of Zariski (resp. Nisnevich) topology. By the assumption that π 0 A is regular, Quillen's K-theory space is equivalent to
which satisfies the descent for hypercovers. Therefore, Quillen K-theory functor K Q is fibrant in Set
endowed with the local model structure with respect to each topology. Since all objects in the local model category is cofibrant, K Q is an object of
The following Proposition is the classical comparison theorem.
Proposition 7.8 ([20], Section 6.5 and Proposition 6.8). Let X be an ordinaly regular separated scheme. Then a canonical morphism K Q (X) → K T (X) induces a homotopy equivalence as spectra:
7.3.
Step 3. The Proof of Theorem 1.1(ii). Let R be a connective E ∞ -ring. Let Coh R be the full ∞-subcategory of the ∞-category of almost perfect R-modules spanned by the almost perfect and truncated R-modules. We can see that the heart Coh ♥ R can be identified with the nerve of the ordinary category of finitely presented π 0 R-modules. By Definition 7.1, Coh R is an ∞-category with w-cofibrations.
For an E ∞ -ring R, let Mod perf R denote an ∞-category of perfect R-modules. Then Mod perf R is the smallest stable ∞-category which contains all finitely generated projective modules [9, Remark 7.2.5.24]. Note that every perfect R-module is almost perfect.
Next, we explain the regularity which is generalized to E ∞ -rings. can be endowed with the t-structure induced from Coh R . Then any object of (Mod
cn has a finite resolution of finitely generated projective modules.
Proof. We can show the assertion by induction as same as [9, Proposition 7.2.5.23]. Let M be an object of (Mod
The proof proceeds on induction on the Tor-amplitude n of M. If n = 0, then M is flat and the assertion is proved. Assume n ≥ 0. Since M is almost perfect, there exists a finitely generated free R-module P of finite rank and a fiber sequence
where f is surjective (since M is connective). To prove that M has a finite resolution by projective modules, it is sufficient to show that M ′ has Tor amplitude ≤ n − 1. It is clear that P is Tor-amplitude ≤ 0 and that M ′ is almost perfect. Since f is surjective, M ′ is connective. Now, we show that M ′ has Tor-amplitude ≤ n − 1. Let N be a discrete R-module. We prove that π k (N ⊗ R M ′ ) ≃ 0 for k ≥ n. Since the functor N ⊗ R − sends the fiber sequence of R-modules to the fiber sequence of π 0 R-modules, we have an exact sequence of homotopy groups
The left hand side vanishes by assumption that M has Tor-amplitude ≤ n and π k (N ⊗ R P ) vanishes since k ≥ n > 0. The induction is proceeded.
We compare the K-theories of coherent R-modules, perfect truncated R-modules and truncated finitely generated projective R-modules. We recall the following consequence of Blumberg-Mandell. induces an equivalence of Ktheory spaces;
Proof. We consider the ∞-subcategory Mod . As the same procedure of Proposition 7.11, there exists a finitely generated free R-module P of finite rank and a fiber sequence
where P → M is surjective since M is connective. We can regard it the cofibration sequence. Then, the assertion follows from the proposition below.
Proposition 7.14. Let R be a connective regular E ∞ -ring. Let A ⊂ B be ∞-subcategories of Coh R such that the homotopy categories are additive and both includes Mod proj R b . These ∞-categories are with w-cofibrations by Definition 7.1(iii) and Definition 6.4(iv) . Assume that A is closed in B under extensions. Assume that, for any B ∈ B, there is a resolution of B which we obtain in Proposition 7.1
where A ′ and A are objects in A and A is a free R b -module. Then the induced morphism 
. Now we can assume that A i , · · · , A m are free R-modules. Note that the base change of an weak equivalence along a w-fibration is an weak equivalence. Then, we can take a free R-module A i−1 = B i−1 × B i A i , which satisfies that A i−1 → A i is a homotopy equivalence. Furthermore, we can take A 
7.4.
Step 4: The correspondence between GL n -torsors and locally free sheaves. Let R be an E ∞ -ring and Mod nproj R an ∞-category of rank n projective R-modules in Mod cn R . We defined spectral affine group scheme GL n in Section 3.5. We regard BGL n (R) is a ∞-groupoid which consists of the single object R and equivalences as morphisms.
Lemma 7.15. Let X : CAlg cn G → S be a spectral sheaf and X → BGL n a morphism in Shv S (CAlg cn G ). Let QCoh(X) lf n be the ∞-category of locally free sheaves of rank n. Then there is an equivalence of ∞-groupoids;
Proof. By [10, Proposition 2.7.14], the sheafification of the functor X with respect to Zariski or Nisnevich topology does not change the ∞-category QCoh(X). The functor BGL n is a hypercomplete sheaf with respect to those topology by [14, Theorem 6.1] . Therefore, it is sufficient to say that there is a one-to-one correspondence in Zariski case.
By Definition 5.4 and Lemma 5.2, we have an equivalence Mod
. Then π 0 M is a locally free π 0 R-module of finite rank. We can choose elements x 1 , · · · , x m ∈ π 0 R such that they generate the unit ideal and each localization (π 0 M)[x . Since the stalk of GL n -torsors on R is GL n (R) and it is equivalent to the automorphism group of R n , The P GLn Bund(X) in Proposition 4.2 coincides with QCoh(X) lf n .
Remark 7.16. Roughly speaking, for each point x ∈ X and sufficiently small open x ∈ Spec g A → X, we assign the stalk of the morphism X → BGL n at x to the finitely generated free A-module F (x). Then the sheaf condition gives a locally free sheaf F and a one-to-one correspondence. We define a functor
which carries an E ∞ -ring A to the K-theory K(Spec g A) defined in Definition 7.6.
We prove Theorem 1.1(i). On the other hand, we have an equivalence induced by Yoneda embedding;
Map Shv S (CAlg eG ) (Spec g R, ΩB(BGL)) ≃ (ΩBBGL)(R).
Consider the following commutative diagram of the ∞-categories:
Shv S (Shv(CAlg eG )) ΩB / / Shv S (Shv(CAlg eG )).
We have an equivalence (ΩBBGL)(R) ≃ ΩB(BGL(R)) if the objectwise group completion functor R → ΩB(BGL(R)) is a spectral sheaf.
Note that the space ΩB(BGL(R)) has the same construction of the K-theory KR defined in [5] as a space by [5 reg → S) be the functor which carries an E ∞ -ring R to the K-theory K(R b ). Then it is a spectral sheaf.
Proof. Note that Shv S (Shv(CAlg reg )) ≃ Shv S (CAlg reg ). With the notion after Definition 7.6, we have K(π 0 R) is equivalent to Quille K-theory K Q (π 0 R) by after Definition 7.6.
By Lemma 7.7, K 0 is a sheaf.
Thus, we proved Theorem 1.1(iii).
Remark 7.24. The ∞-category Ind((G der Zar ) op ) ≃ SCR is defined in Remark 3.6. Recall that the ∞-category of admissible A-algebras in SCR is equivalent to the nerve of category of admissible π 0 A-algebras in SCR, by [13, Remark4.2.14], the underlying ∞-topos of Spec g der Zar A is also characterized by Shv(N ∆ (Spec π 0 A)), where A ∈ SCR. By replacing with spectral scheme GL with discrete GL (cf. Section 3.5), the same argument in each step gives the same consequence for derived G der Zar -schemes.
